Abstract
Introduction
In [1] , Calderón and Zygmund proved that if Ω ∈ L ln + L(S d−1 ), i.e.
T Ω is L p -bounded for 1 < p < ∞. In [7] and [5] , Ricci, Weiss and independently Connett proved that if Ω ∈ H 1 (S d−1 ), T Ω is L p -bounded for 1 < p < ∞. Also see [4] . But, it remained open for long time if T Ω is weak type L 1 -bounded under the corresponding conditions (for Ω ∈ L ln + L(S d−1 ), it is a conjecture of Calderón).
In [3] [9] , Stefanov proved that if Ω is a finite sum of H 1 (S 1 )-atoms with the additional assumption that the atoms are supported on almost disjoint arcs of comparable size (note that such an Ω must be L ∞ (S 1 )-function), T Ω L 1 →W L 1 essentially depends only on Ω H 1 . Precisely, he proved Theorem 1. Let N, l be positive integers satisfying N 2π2 l c 0 where c 0 is suitably chosen, and I n denote the arc in S 1 with center e n and satisfying |I n | ∼ 2 −l , |I n ∩ I m | 1 2 min(|I n |, |I m |) for n = m. Suppose Ω = N 1 λ n a n where λ n > 0 and a n is an H 1 (S 1 )-atom on S 1 satisfying supp(a n ) ⊂ I n , a n ∞ 2 −l and S 1 a n (θ ) 
where C is independent of N and l.
In this paper, we shall prove that there is a class of functions in H 1 (S 1 ) − L ln + L(S 1 ) such that T Ω is weak type L 1 -bounded. We have Theorem 2. Let I n denote the arc in S 1 with center e n and length 2ρ n , disjoint mutually, and
let Ω = ∞ 1 λ n a n where
then,
for all f ∈ S(R 2 ) and λ > 0, where C is independent of f , λ and Ω.
Theorem 3. Suppose ρ n ∈ (0, 1) and n ρ n < ∞. There are {e n } ⊂ S 1 , arcs I n ⊂ S 1 with center e n and length 2ρ n such that for any sequence of H 1 -atoms {a n } (satisfying (4)) and Ω = n λ n a n ,
for all f ∈ S(R 2 ) and λ > 0, where C is independent of f, λ and Ω.
From Theorem 3, we have
Corollary 4. For any increasing function
then, there must be
Some lemmas
Without loss of generality, we always assume that ∞ 1 λ n = 1 and λ n > 0. For a rectangle Q = Q(y, r) (⊂ R 2 ) with center y and sides' length 2r = (2r 1 , 2r 2 ), let mQ = Q(y, mr), d(Q) = max(r 1 , r 2 ). Set A n = Q: the longer side of Q is parallel to e n , the shorter side length is ρ n time of the longer side length , and
It is easy to see that M n is weak type L 1 -bounded and sup n M n L 1 →W L 1 < ∞. Now, we first give a modified Whitney's decomposition.
There is m ∈ R + such that for any n, there are mutually disjoint rectangles {Q n,i } ⊂ A n satisfying
This lemma can be proved along the idea of the proof of the Whitney's decomposition, see [10] . For f ∈ L 1 (R 2 ) and λ > 0, let
where M is the Hardy-Littlewood maximal operator. For any n, we shall make C − Z decomposition of f based on the modified Whitney's decomposition of E (not E n , key point). By Lemma 5, we have that E = i Q n,i where {Q n,i } satisfy the conditions in Lemma 5. Take
We have Lemma 6. For any n, f = g + g n + i b Q n,i , and
Lemma 7.
Under the hypothesis of Theorem 2, n λ n a n (
for all f ∈ S(R 2 ) and λ > 0.
Proof. We first prove that n a n (
By a well-known computation (see [10, p . 39]) a n (
which is independent of |ξ |. So, we may assume |ξ | = 1. Let ξ ⊥ ∈ S 1 denote anyone of the TWO unit vectors orthogonal to ξ . If ±ξ ⊥ / ∈ I n , sign θ, ξ is constant for θ ∈ I n , thus (without loss of generality, we may assume that
By (11), we have (note that A 1) n a n (
Thus n λ n a n (
Lemma 7 is proved. 2
We have
Lemma 8. Under the hypothesis of Theorem 2,
Proof. By a similar estimate in [9] (see Appendix A for details), we have j a n,j * B n,j −s
Note that | 
By (15) and (17),
Lemma 8 is proved. 2
Lemma 9.
Under the hypothesis of Theorem 2,
Proof. By a similar estimate in [9] (see Appendix A for details), we have
Lemma 9 is proved. 2
Proof of Theorem 2
For fixed f and λ,
By L 2 -boundedness of T Ω ,
Similarly, we have
For III, we have n i λ n a n (
Noticing that |E| Cλ −1 f 1 , we have
By Lemma 8,
By Lemma 9,
Combining (20)- (22) and (24)- (26), we get
Theorem 2 is proved.
Proof of Theorem 3
Without loss of generality, we may assume that {ρ n } is decreasing and n ρ n < π/64. Let d m = 
So, (27) holds for all m > n. Now, we shall prove that sup
For θ ∈ S 1 , we first consider
Label the elements in N + θ by sub-index such that · · · < |θ − e n −2 | < |θ − e n −1 | < |θ − e n 0 |.
in the first case, |θ − e n −l | > n −l ρ n −l , so
Label the elements in N − θ by sub-index such that |θ − e n 0 | < |θ − e n 1 | < |θ − e n 2 | < · · ·
, it is easy to show that
In addition,
From (29)-(31), we get (28). By (28) and Theorem 2, we get Theorem 3. Finally, we prove Corollary 4. By (7), we can choose {t n } such that 1 < t 1 < t 2 < · · · and ϕ(t n ) > 2 n t n . Set λ n = 2 −n , ρ n = 2 −n t −1 n , Ω = n λ n a n where {a n } are H 1 -atoms satisfying (4) and |a n (θ )| = ρ −1 n for θ ∈ I n . Then,
Appendix A
In the proofs of Lemmas 8-9, we apply the estimates (15) and (19) without proofs. In what follows, we shall give details of their proofs along the ideas developed in [2, 3, 6, 8] and [9] .
Proof of (15).
We have j a n,j * B n,j −s 2 2 = j i a n,j * B n,j −s , a n,i * B n,i−s 2 j i j B n,j −s , a n,j * a n,i * B n,i−s
where a n,j (x) = a n,j (−x). We first estimate i −3 | a n,0 * a n,i * B n,i−s (0)|. We have a n,0 * a n,i * B n,i−s (0) = 
So, by (4), i −3 a n,0 * a n,i * B n,i−s (0)
For convenience, let
where θ ⊥ be one of the two unit vectors orthogonal to θ . Then
Actually, if L y i (a n )(θ ) = 0, i −3 and (y, t) ∈ Θ n,i,θ , we have |y| |y + tθ| + |tθ| 2 + 2 i+1 3, |y| |y + tθ| − |tθ| 
we have
By Lemma 11 below and (A.7), we have
By (A.2), (A.5), (A.7) and (A.9), we get i −3 a n,0 * a n,i * B n,i−s (0) C2
By translation arguments,
Combining with (A.1), it gives (15). 2
Proof. Without loss of generality, we may assume θ = (1, 0). Let e 1 = (1, 0), e 2 = (0, 1), then y = y 1 e 1 + y 2 e 2 , 
Lemma 11 is proved. 2 Proof of (19). For simplicity, we omit the sub-index n. By the definition of ϕ s (i.e. ϕ s n , see (13)) and ψ, we have
) is defined by φ| {u:
where a j is just a n,j defined by (13) with center e = e n and radius ρ = ρ n . We first estimate (C 
